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Abstract

We describe a general method for the automated symbolic processing of Bloch-Redfield-Wangsness relaxation theory
equations for liquid-phase spin dynamics in the algebraically bulky case of rotationally modulated interactions. The
processing typically takes no more than a few seconds (on a contemporary single-processor workstation) and yields
relaxation rate expressions which are completely general with respect to the spectral density functions and relative
orientations and magnitudes of the interaction tensors, with all cross-correlations accounted for. The algorithm easily deals
with fully rhombic cases, and 1s able, with little 1f any modification, to treat a large variety of relaxation mechanisms
encountered in NMR, EPR and spin dynamics in general.

Introduction

The relaxation of a perturbed spin system to thermal equilibrium 1s ubiquitous in all forms of magnetic resonance
spectroscopy. Being 1n part responsible for the very existence of NMR and EPR signals, relaxation yields valuable
structural information on inter-particle distances (from dipolar relaxation), relative orientations and angles (from cross-
correlated relaxation), and order parameters and motional correlation times (from the magnetic field dependence of

relaxationrates).

The following flowchart gives an approximate outline of a contemporary liquid-phase relaxation theory treatment of a
complicated (e.g. multiple interaction tensor rhombicities and multiple cross-correlations) spin system, with the

associated problems and difficulties:
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Most practical techniques for the
analysis of spin relaxation data rely on
a compact and elegant general
trecatment known as the Bloch-

Redfield-Wangsness (BRW) Theory
and based on second-order time-
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Orderly description of nested rotations using irreducible spherical
tensor operators and Wigner functions (reasonably neat and compact).
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Although 1t works very well 1n
most cases of practical importance, the
intermediate algebraic expressions can
be bulky. As density matrix dimensions
scale exponentially with the number of
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properties

spins and each anisotropic interaction
adds another set of directional
functions, the formulae quickly
become inconveniently cumbersome.

master equation by hand:
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Using a table of tensor operator commutators, orthogonality
properties of Wigner functions plus some luck, we can try solving the BRW
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To some extent, the problem can be
mitigated by utilizing group-
theoretical properties of the
interactions involved: virtually all of
them transform according to the [ = 2
irreducible representation of the
rotation group. For anything bigger
than a two-spin system, however, even
this approach leads to days upon days
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of cumbersome and error-prone
algebraic transformations.

With the spectacular advances in symbolic processing software 1n recent years, 1n particular Mathematica, 1t 1s only a
matter of time before the tedious inner workings of the analytical BRW theory are relegated to computers. This, however, 1s
not a trivial task, and we share 1n this communication our experience in setting up such a system.

In the approach described here, the underlying idea 1s to identify and supply the symbolic engine with the bare
minimum of information to ensure successful processing, avoiding iwrrelevant attempts to simplify and transform
intermediate results. Although we provide specific examples and (Mathematica-based) implementations, we have chosen
to focus here on the general strategy rather than on details of coding and usage, since the latter may vary from one

programming environment to another.
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Automated symbolic processing: strategy

Known spin relaxation mechanisms may be loosely divided into those caused by the stochastic modulation of scalar
interactions (e.g. Fermi contact and J-coupling) or scalar multipliers before anisotropic interactions (e.g. distance-
modulated dipolar and exchange interactions), and the more mathematically demanding case of stochastic rotational
modulation of anisotropic interactions. Algebraic complexity 1s a distinctive feature of the latter case, which we therefore
chose to concentrate on 1n this work.

Stage 1: preprocessing the Hamiltonian to expose rotation group properties
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This transformation 1s the critical first step in preparation for automated symbolic processing because the irreducible
spherical tensors have well-defined rotation properties and correlation functions. This enables their manipulation and
processing to be coded compactly later in the algorithm. Another important aspect 1s that this transformation only needs to
be performed once. It has the same functional form for the majority of symmetric traceless interactions. From system to
system only the operator definitions may need to change, simply because the spin quantum numbers and therefore the
matrix dimensionalities may differ.

Each rotation generally has its own set of (possibly time-dependent) Euler angles. The overall molecular rotation 1s
special 1n this respect: 1ts Euler angles are shared by all the interaction tensors 1n the system. In the processing stage this
automatically accounts for every cross-correlation present in the system. The cross-correlations are thus naturally
accounted for without requiring special treatment.

Stage 2: automatic matching of correlation function patterns in the BRW expressions

The so-called 'upvalues' are used, which are instructions to the
symbolic processing kernel to do the following throughout
thecalculations: to keep an eye on the occurrence of Wigner
function products that match the left hand side, and on
encountering a match to replace it with the right hand side. The
variables with trailing underscores may stand for anything and
are simply carried over to the right hand side.
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Because the processing of correlation functions 1s done 1n full generality, the resulting relaxation rates also contain
imaginary contributions, called dynamic frequency shifts (DFS), which originate from the fact that the imaginary part of
the Fourier transform 1s 1in general small, but non-zero. Obtaining expressions for the DFS by hand 1s even more difficult
than for the relaxation rates, because the spectral density can no longer be assumed to be an even function, and the signs of
frequencies therefore need to be controlled at every stage 1n the calculation. As one can see 1n the examples below, this 1s
naturally achieved in automated symbolic processing.

Stage 3. automatic integration of BRW expressions using a dedicated symbolic integrator

Due to lack of knowledge of the functional form of the
correlation functions, a brute-force symbolic integration would
fail. A much improved solution at this stage is not to rely on
explicit integration, but rather to create a dedicated integrator
which is only aware of a specific set of properties and is
therefore very fast.
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In summary, the equations above encode those tew properties of Wigner and correlation functions that the symbolic
processing kernel has to be aware of in order to perform the processing efficiently. This requires less than a second 1n all the
examples given below because the explicit mathematical expressions are never used; instead the calculation 1s performed
exploiting the power and simplicity of on-the-fly pattern-matching, which arguably corresponds to what a human mind
would have done 1f 1t had the required speed and patience.

Example 3. ZFS-induced relaxation in a spin-3/2 system Conclusions

The problem of spin relaxation induced by transient zero-field splitting (ZFS) arises, for

We have described here what we believe to be
a very general approach to the symbolic
processing of Bloch-Redfield-Wangsness
relaxation theory equations as applied to the
liquid-phase spin dynamics in the mathematically

example, 1 the description of electron spin dynamics in endofullerene. The spin Hamiltonian of
the N@Cgo endofullerene (ground electron term S, i.e. spin 3/2, with hyperfine coupling to '*N)

in a magnetic field has the following form:

Example 1. Relaxation due to bilinear interaction anisotropy

The rotational modulation of an anisotropic pair-wise bilinear interaction (interelectron
dipolar, electron-nuclear hyperfine, nternuclear dipolar, etc.) 1s often the dominant spm
relaxation mechanism m a wide variety of systems. The Hamiltonian typically comprises an
1sotropic Zeeman interaction and the bilinear interaction in question, which we explicitly split
into the 1sotropic (which 1s sometimes absent and of which we will keep only the secular term),
and anisotropic part:
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Preprocessing yields:
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The upvalue and integrator declarations (Mathematica input):

M /ZM[l_, a , d_,'[]];z
KroneckerDelta[l ,k]KroneckerDelta[a,c] KroneckerDelta[b,d]
21+1

b , 0] Conjugate[M[k , c ,

G[t]’

BRWIntegrate[A + B ] := BRWIntegrate[A] + BRWIntegrate[B];
BRWIntegrate[A B ] := A BRWIntegrate[B] /; AcComplexesVv A cParameters
BRWIntegrate[Power[A , k ] B ]:=

Power[A, k] BRWIntegrate[B] /; keIntegers && (A cComplexesvVv A cParameters)
BRWIntegrate[e™~G[t]] := J[Simplify[-iA/t]];
BRWIntegrate[G[t]] := J[0];
BRWIntegrate[0] := 0;

The Hamiltonians and the BRW master equation setup:

Hst=w,L +0,S, +aL_.S;

Rh ¢ Rh
Hdn[t_] == 2 Z T[2,k]M[2,k,—2,t]+7 > T[2,kIM[2,k,2,t]+
k=-2

\/_ZT[Z kIM[2,k,0,t] ;

Dcomm[p ] :
- Comm[Hdn [0] ,Comm[ConjugateTranspose|

MatrixExp[iHstt] .Hdn[t] .MatrixExp[-iHstt]],p]l] "

Scal [Dcomm[A], B]

Rate[A ,
JScal[B, B]Scal[A, A]

B ]:=

//TrigToExp//ExpandAll//BRWIntegrate//Simplify;

Typical answers and CPU times:

Rate[L , L. ] // Timing

Ax” +3Rh’
0.281 Second, - (BJ[E —col}rEJ{—%—wl} +3J[—i +m1}+
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3J{%+wl}+l2J[—wl -0, ]+2d [0, —0 J+2J[-0, +©, ]+12J [0, +w2]j

Rate[L , S.] // Timing
Ax’ +3Rh’
720

0.219 Second, W, —w,]-J[w, -0,]-J[-w tw,]+t6J[w, +®2])

Rate[L,, L,] // Timing

Ax’ + 3Rh’
0.281 Second, - 8J[0]+30| Z-w, [+3J|-= -0, [+37|Z-w, |+
1440 2 2 2

3J|:—i—002:|+3J|:—i+002:|+3J|:i+002:|+12J[—001 —w,]+2J [-w, +oo2]j
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Example 2. Cross-correlation between two Zeeman interaction anisotropies

The Hamiltonian of a two-spin system with anisotropic Zeeman interactions contains

the constant term, corresponding to the i1sotropic part of either the g-factor or the chemical
shielding, and the time-dependent term resulting from rotational modulation of the anisotropies.

Preprocessing the Hamiltonians:
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Additional upvalue specifications (to those in Example 1):

Conjugate[®L[m ]] *:= (-1)"®L[-m] /; m eIntegers
Conjugate[®S[m ]] *:= (-1)"®S[-m] /; m eIntegers

Static and dynamic Hamiltonian definitions:

Hst=w L, +0,S,;

Hdn[t ]:= 22: i(M[Z,k,m,t] (T[2,k]®L[m]+K[2,k]®S[m]) )

k=-2 m=-2

In the case of NMR, the CSA-CSA cross-correlation 1s known to affect only zero- and double-
quantum coherences [32,33]. For the longitudinal magnetization and single-quantum coherence

we have the usual ndependent CSA rates [31]:

Typical answers and CPU time (impressive timing!):

Rate[L , L] // Timing
1

0.078 Second, —1O(J[—co1]+J[(ol])(CIDL[O]2—ZCIDL[—1]<I>L[1]+2<I>L[—2]CI>L[2])
Rate[L ,L ] // Timing

0.047 Second, —%(4J[O]+3J[—wl] ) (PL[0)° -20L[-1]OL[1]4+2dL[-2]dL[2])

1 1

Rate[—(2L,.S, +2L_.S ) ,—=(2L,.S, +2L_.S )] // Timin
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0.219 Second, —12—5J[O] ((OL[0]-®S[0]) -2 ((®L[-1]1-®S[-1])x

(PL[1]-®S[1])-(®L[-2]-®S[-2]) (PL[2]-®S[2]))) -

1

2—O<J[—@11+J[ml]) (PL[0] -20L[-11®L[1]1+20L[-2]0L[2])-

i(J[—co2]+J[w2]) (®S[0] —20S[-1]®S[1]+20S[-2]DS[2])
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In practical calculations, the forms above are the most convenient, because the expression for
the directional functions @ 1s compact (see above). It 1s also the most general form for the

full thombic case. If we choose to expand it down to the bare trigonometric functions, it
becomes:

Ax; + 3Rh2
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A= —%(1 + 3cos [2[3 ]), B =-2cos [Zy ]sin2 B; C =-2cos [ZOL ]SiIl2 B;

D =4sin [Zoc ]cos [B ]sin [Zy ]— COS [20c ](3 + COS [2 B ])sin [2y ]

in which the three Euler angles o,3,y define the relative orientation of the two Zeeman
interaction tensors.

where o,, are the Zeeman frequencies, a 1s a hyperfine coupling constant (non-secular terms

neglected) and Z 1s the ZFS tensor. The mathematical details of its rotation are 1dentically the

same as those for dipolar and CSA tensors, except we now have the same spin on both sides of

the interaction matrix.

Preprocessing yields:
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where, just as 1n the previous examples, m(z) (i ) are Wigner functions corresponding to the

overall molecular rotation and fzm are second rank 1rreducible spherical tensors linking spin S

to 1tself. The Ax and RAh parameters define the axiality and rhombicity of the ZFS. Nothing
changes m the program compared to Example 1, except the definitions of the Pauli matrices

(now spin-3/2 and spin-1).

Typical answers and CPU times:

Rate[S ,S,] // Timing

Ax’ +3Rh°
0.328 Second, - =2 (T

75
+4J[ 2w, ]1+J[

—a-w, Jtd[a-w J+t4J[2a-20, J+4T[-20 ]+JT[-0 J+T[w ]+

—-a+w,]1+4J[-2a-2w,]+J[a+w, ]+4J[2a+2w, ]+4T[-2a+2w,])

Ratel[S,,S,] // Timing

Ax’ +3Rh°

75
—ool]+2J[

0.297 Second, - (9J[0]+3J[—-a-

W, ]+t3J[a-w]+2d[2a-2w,]+2J[-2w, ]+

3J] w ]+2d[-atw]+2J[-2a-20, ]+2J[atw,])

On a contemporary single-processor workstation, the full 144x144 symbolic relaxation
superoperator for this system was computed 1n just under 30 seconds.

demanding case of rotationally modulated
interactions. The processing typically takes
seconds (on a contemporary single-processor
workstation) and yields relaxation rate
expressions which are completely general with
respect to the spectral density functions and
relative orientations and magnitudes of the
interaction tensors, with all cross-correlations
accounted for. The algorithm easily deals with
fully rhombic cases, and 1s able, with little 1f any
modification, to treat a variety of relaxation
mechanisms.
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Examples can be downloaded:
www.kuprov.com

(In the Useful Stuff section)
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